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Abstract—Vibration based damage identification methods 
examine the changes in primary modal parameters or quantities 
derived from modal parameters. As one method may have 
advantages over the other under some circumstances, a multi-
criteria approach is proposed. Case studies are conducted 
separately on beam, plate and plate-on-beam structures. Using 
the numerically simulated modal data obtained through finite 
element analysis software, algorithms based on flexibility and 
strain energy changes before and after damage are obtained and 
used as the indices for the assessment of the state of structural 
health. Results show that the proposed multi-criteria method is 
effective in damage identification in these structures. 
Keywords-damage detection; finite element technique; modal 
analysis; modal strain energy; modal flexibility, bridges 
I.  INTRODUCTION  
Most of the damage detection techniques related to 
structural health monitoring are vibration based, in which 
changes in modal properties (frequencies and mode shapes), or 
changes in quantities derived from modal properties are 
examined. Based on the literature review, it is observed that 
two of the vibration based damage identification methods, 
namely, the Modal flexibility method and the Modal strain 
energy method, are found successful in detecting damages (e.g. 
Patjawit and Kanok-Nukulchai, 2005 and Li et al., 2005). 
However Alvandi and Cremona (2006), based on a study on 
the performance of both flexibility method and strain energy 
method on a simply supported beam,  concluded that both 
methods are capable of detecting and localising damaged 
elements but in the case of complex and simultaneous damages, 
the flexibility method is less efficient. Moreover, the strain 
energy method demonstrates stability in the presence of noisy 
signals. It is possible to develop a damage detection system 
which uses both algorithms, in addition to the change in natural 
frequencies, to localize multiple damages in flexural members 
and cross check the results. This paper proposes such a system 
that can guarantee the multiple damages in flexural members 
with different boundary conditions to be localized accurately 
by using the two complementary damage identification 
algorithms. 
II. THEORY 
A. Modal Flexibilty Matrix 
The modal flexibility matrix includes the influence of both 
the mode shapes and the natural frequencies. It is defined as 
the accumulation of the contributions from all available mode 
shapes and corresponding natural frequencies. The modal 
flexibility matrix associated with the referenced degrees of 
freedom can be established from Eq. (1) found in Huth et al. 
(2005). 
 
TF ]][/1][[][ 2 φωφ=       (1) 
 
where  is the modal flexibility matrix; ][F ][φ  the mass 
normalized modal vectors; and  a diagonal matrix 
containing the reciprocal of the square of natural frequencies 
in ascending order. The modal contribution to the flexibility 
matrix decreases as the frequency increases, i.e., the flexibility 
matrix converges rapidly with increasing values of frequency. 
From only a few of the lower frequency modes, therefore, a 
good estimate of the flexibility can be made. The change in 
the flexibility matrix 
]/1[ 2ω
][FΔ  due to structural deterioration is 
given by           
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where the index ‘h’ refers to the healthy and the index ‘d’ to 
the damaged state. Theoretically, structural deterioration 
reduces stiffness and increases flexibility. Increase in 
structural flexibility can therefore serve as a good indicator of 
the degree of structural deterioration. 
 
B. Modal Strain Energy Based Damage Index 
Deterioration of a structure results in a reduction of its 
stiffness which causes the changes in modal strain energy. The 
damage localization method is based on the relative 
differences in modal strain energy between an undamaged and 
damaged structure. Information required in the identification 
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are the measured mode shapes only, without knowledge of the 
complete stiffness and mass matrices of the structure. The 
equation used to calculate the damage index jiβ for the j-th 
element and i-th mode of a beam is given below [5].   
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To account for all available modes, a single indicator for each 
location along the beam is given by 
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where = numerator of jiNum jiβ  and = 
denominator of 
jiDenom
jiβ in Eq. (3) 
The complete derivation of the damage indicator for beam and 
plate are given in references Huth et al. (2005), Stubbs et al. 
(1995) and Cornwell et al. (1999). 
 
III. METHOD 
As a single damage indicator is not reliable, especially in 
the case of multiple damages, a damage multi-criteria 
approach which involves (1) change of flexibility matrix 
and (2) change of modal strain energy are used in the 
damage assessment of flexural structures. Initially, beam- and 
plate-like structures together with a slab-on-beam structure are 
first defined and developed as finite element (FE) models and 
their modal responses are obtained using the FE software 
package SAP2000. Table 1 shows the details of the structures 
studied. Different damage scenarios (Figures 1, 2 & 4) are 
selected for investigation. The primary modal parameters such 
as natural frequencies & mode shapes of the first five modes 
of these models, before and after damage in these scenarios 
are extracted from the results of the FE analysis. These 
parameters are then used to determine the change of flexibility 
and the changes modal strain energy and thereby assess the 
healthy state of the corresponding test structure. The peak 
values of the damage parameter above the defined damage 
limit in each method indicate the corresponding simulated 
damage location. The accuracy of the damage detection 
method is then evaluated through observations of the plots.   
FΔ
 
 
 
Table 1 Geometric and Material Properties of the  
Structures Studied 
 
A. Finite Element Modelling & Analysis of Beams 
Finite element models (FEM) of the undamaged and 
damaged simply supported beams, having a span length of 
2.8m are generated using the FE program SAP2000.  Plane 
elements are used for the FEM. The flexural rigidity EI is 
assumed constant over the beam span and damping effect is 
not taking into account. Modal analysis is performed to obtain 
the natural frequencies and the associated mode shapes of the 
beam. Further FE analysis is performed to extract the modal 
parameters of 2-span and 3-span continuous beams. All 
continuous beams have the same span length of 2.8m and are 
simply supported at their ends. To simulate damage, the 
selected damaged elements are removed from the bottom of 
the beams in the FE models. Figure 1 show three of the cases 
studied. Table 2 shows the details of the flaws. 
 
Table 2 Dimensions of Flaws in Beam 
 
 
(a) Damage Case (DS1) for single span beam 
 
 
(b) Damage Case (DS2) for 3-span beam 
 
Figure 1 Damage Cases for Beam-like Structures 
 
B. Finite Element Modelling & Analysis of Plates 
FE techniques are used to carry out modal analysis of the 
plate-like structures. The chosen plate for numerical analyses is 
a steel plate divided into 250 plate elements. The geometry is 
rectangular, 2.5m in length, 1m in width and 2mm in thickness. 
The material properties of the steel plate are shown in Table 1. 
Damage is simulated by reducing the elastic modulus (E) to 
80% as shown in Figure 2. Case DS4 is for the study of the 
Plate-on-Beam Flexural 
Member Beam (2D) Plate (2D) Slab (2D) Beam (2D)
Element type Plane stress Plate  Shell Shell  
Material Steel  Steel  Steel  Steel  
Length 2.8 m 2.5m 1800 mm 1800 mm 
Width 40 mm 1m 1200 mm 3 mm 
Depth 20 mm 2mm 3 mm 300 mm 
Poisson's ratio 0.3 0.3 0.3 0.3 
Mass density 7850 kg/m3 7800 kg/m3 7800 kg/m3 7800 kg/m3
Elastic Modulus 200 GPa 210 GPa 200 GPa 200 GPa 
Size Length (mm) Depth (mm) Width (mm) 
A 10 5 40 
B 20 5 40 
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efficiency of the two methods when damage is near a support. 
An assumption is made that the mass of the plate does not 
change appreciably as a result of the damage. No structural 
damping is used in the FE analysis.  
 
(a) Damage Case (DS3) for plate with all edges clamped 
(0.8E) 
 
 
(b)  Damage Case (DS4) for simply supply supported plate 
(0.8E) 
 
Figure 2  Damage Cases for Plate-like Structures 
(values in brackets show damages with percentage 
remaining in E) 
 
C. Finite Element Modelling & Analysis of Plate-on-Beams 
A plate-on-beam structure, similar to slab-on-girder type 
of bridges is investigated. The superstructure used as the basis 
for the investigation is a zero-skew, single span slab-on-girder 
system with 1.2m wide deck consisting of two steel plate 
girders spanning 1.8m. The steel deck thickness is 3mm and 
the spacing between twin-girders is 0.8m. To provide the 
lateral restraint required for the development of transverse 
bending stiffness of the slab and the stability for twin-girders, 
steel diagonal bracings are installed over end bearing. The 
general modelling scheme for bridge is depicted in Figure 3. 
 
 
 
 
 
 
 
   
 
 
 
Figure 3 Isometric view of the Slab-on-beam structure (FE 
model) 
 
The details and geometry for the bridge are listed in Table 
1 above. The details are so selected as it is planned to 
construct a laboratory model with the same details for further 
studies. Both the slab and the beams are modelled as shell 
elements. The slab and each beam are divided into 216 & 108 
elements respectively. Steel diagonal bracings at the two 
exterior support lines are modelled as truss elements. Shell 
elements are widely used to idealize the bridge deck since 
behaviour of this structural component is governed by flexure 
and in this case a mesh of shell elements is computationally 
more efficient when compared to one of solid elements. It is 
assumed that there is a complete connection between the 
beams and the slab. Twin-beams having the same span are 
simply supported at their ends, rotations in all directions are 
allowed in order to simulate the boundary conditions. 
Minimum restrains are assigned for longitudinal and 
transverse movement while vertical restraint is placed at the 
supports (Chung and Stelino, 2006). 
 
Different damage cases are investigated for the damage 
identification on the structure. Figure 4 shows two of the cases 
studied. One involves slab damage only (DS5 as shown in 
Figure 4a) and the other is for beam(s) damage only  (DS6 as 
shown in Figure 4b). Damages on slab is simulated by 
reducing the elastic modulus (E) of selected elements, while 
damage on the beam is simulated by removing selected 
element with the size of 100 mm x 50 mm from the bottom of 
the girder. The corresponding reduced stiffness for the 
selected slab and beam damage elements are 0.5E and 0.6Ig 
respectively, in which Ig is the gross second moment of area.  
 
 
(a) Damage Case (DS5) on Slab 
 
 
‘L’ beam 
 
‘R’ beam 
(b) Damage Case (DS6) on Beam 
 
Figure 4 Damage Cases for Plate-on-Beam Structures 
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IV. RESULTS 
A. Modal Flexibilty Change (MFC) 
After taking a frequency analysis, the first five natural 
frequencies and associated mode shapes obtained from the 
eigenvalue analysis results are used to calculate the MFC by 
using Eqs. (1) & (2).  Plots of MFC on the damage cases are 
shown in Figures 5 (a) & (c), 6 (a) & (c) and 7 (a) & (c). The 
peak values of the plots indicate the damage locations. In 
Figure 5(a), there are two un-equal peaks corresponding to the 
2 different damages in this beam indicating that greater damage 
in the beam attracts a greater peak in the MFC. Similarly, Fig. 
5(c) shows that this damage case with triple damages has three 
distinct peaks in the MFC. Plots of MFC for damage cases DS3 
& DS4 are shown in Figs. 6(a) and 6(c) respectively. The peak 
values indicate the location of damage in the plate. Overall, the 
results showed that the modal flexibility method is able to 
correctly locate the damage in most multiple damage cases, 
except in cases DS4 where the damage indicator seems to have 
partly missed the damage at the midspan of the plate. This 
demonstrates the need for multi-criteria damage assessment, as 
it can be seen later that the MSEC method could locate the 
damage more precisely for this case. Regarding the case for the 
plate-on-beam structure, the peak values of the plot (Figure 7a) 
indicate correctly the damage location on the slab. The plots of 
MFC along the twin-beams for damage case DS6 are shown in 
Figure 7(c). It can be seen that the curve for the damaged beam 
has higher amplitude compared to that for the undamaged 
beam and that the peak in the curve for the damaged beam 
correspond to the damage location. 
 
(a) DS1 MFC 
 
(b) DS1 MSEC 
 
 
 
 
 
(c) DS2 MFC 
 
(d) DS2 MSEC 
 
Figure 5 MFC (ΔF) & MSEC (β) on beam-like structures 
 
B. Modal Strain Energy Change (MSEC) 
The first five mode shapes and their corresponding mode 
shape curvatures obtained from the results of FE analysis are 
used to calculate the modal strain energy based damage index. 
The plots of damage indices along the beam type structures for 
damage case DS1 and DS2 are shown in Figures 5(b) and (d). 
Figures 6(b) and (d) show the corresponding plots of damage 
case DS3 and DS4 for the plat-like structures. The spikes with 
magnitudes greater than 1 indicate clearly the location of 
damaged elements. Similar observation could also be obtained 
for the damage on the slab (DS5) for the plate-on-beam 
structure (Figure 7b). The peak value of the plots indicate the 
location of damage on the slab. The plots of β along the twin-
beam for damage case DS6 are shown in Figure 7(d). It can be 
seen that the curve for the undamaged beam oscillates about 
the base line value of 1 and that the peaks in these curves have 
smaller values than those corresponding to the damaged beam. 
Nevertheless, it has been shown earlier that MFC could locate 
the damage precisely for this case. It is clearly evident that the 
curve corresponding to the damaged beam has distinct peak at 
the damage location. This feature confirms that the MSEC 
method can accurately identify and locate damage in beams of 
plate-on-beam structures. 
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(a) DS3 MFC 
 
 
(b) DS3 MSEC 
 
 
(c) DS4 MFC 
 
 
(d) DS4 MSEC 
 
Figure 6 MFC (ΔF) & MSEC (β) on plate-like structures 
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(a) DS5 MFC 
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(b) DS5 MSEC 
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(c) DS6 MFC 
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(d) DS6 MSEC 
 
Figure 7 MFC (ΔF) & MSEC (β) on plate-on-beam structures  
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V. CONCLUSIONS 
This paper explores the feasibility to detect damages on 
flexural members using two damage detection methods based 
on changes in (1) modal flexibility matrix and (2) modal strain 
energy. From the case studies, it can be seen that both the 
modal flexibility method and the modal strain energy method 
can be used to locate the damage in slab-on-girder bridges. 
The changes in modal flexibility matrix and modal strain 
energy between the undamaged structure and the damaged 
structure provide a basis for identification of localized damage. 
The study also found that the damaged elements located near 
the supports of the bridge can also be localized precisely. As 
there could be some discrepancies in both the (individual) 
damage assessment methods, a multi-criteria procedure 
incorporating the changes in modal flexibility change and 
modal strain energy change is required for accurate damage 
assessment, as evidenced through the examples treated in this 
paper. 
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